The congruence extension property serves to characterize distributive lattices (cf. [4] ). The definition of this property may be reformulated for topological lattices as follows: A topological lattice L has the congruence extension property if given any closed sublattice A of L and any closed congruence [φ] on A there is a closed con- [g>] . When this situation prevails we say that [<p] has been extended to a closed congruence [Φ] on L. In this paper we prove that compact, distributive lattices of finite breadth have the congruence extension property. This fact is established by first showing that the lattice of closed congruences for such lattices is distributive. We also prove that the compact topological lattice X -X £Li{0, 1} with coordinatewise operations does not have the congruence extension property. I* Preliminaries* A finite subset B of a lattice is meet-irredundant if no proper subset of B has the same meet as B. The breadth of a lattice L, Br (L) , is the supremum of the cardinalities of its meet-irredundant sets. A chain is a lattice whose breadth is one. An element p of a lattice is prime if x A y ^ p implies that x ίg p or y ^ p. We shall use the notation that if [φ] is a congruence then φ is the canonical map associated with \φ\.
A topological lattice is a Hausdorff topological space with a pair
Suppose that L is a compact topological lattice. ^(L) is the lattice of closed congruences on L (considered as subsets of L x L) with operations Λ and V defined by
is the smallest closed congruence on L which contains both [φ] and
Since φ{L) is a chain both M{φ) and m(φ) are chains. Also since φ(L) has the order topology when M(φ) and m(φ) are endowed with the order topology they are homeomorphic and isomorphic with φ(L). Associated with φ there are two natural (algebraic) homomorphisms φ 1 and φ° where φ ι (x) = φ~\φ{x)) n M{φ) and φ°(x) = φ-\φ{x)) n m{φ). We say that a collection & of disjoint closed intervals of a compact topological lattice L is a partition of L if (a) \} ^ -L and (b) P 1? P 2 e ^ implies that P x Λ P 2 S -Pi or P ί /\P 2^ P 2 . To every partition of L there corresponds a member of £^{L). 
where <£? is the smallest partition on φ{L) which contains
Recall that a coordinate chain in a lattice L is a chain C such that (1) C consists only of prime elements of L and (2) C is closed with respect to arbitrary meets [2] . Note that if L is a compact topological lattice (2) is equivalent to (2') C is closed with respect to decreasing nets. Let A be a decreasing net of elements of M(φ). Since L is compact A converges to some element a o e L. Suppose that for some pair x, y e L, α 0 ^ x A y* Then α ^ α; Λ ^ for each ae A. Since α is prime either a ^ x or a^ y. Thus we may assume that there is a cofinal subnet A! of A such that for each a e A', α ^ ίc. Hence a A x = x for all α e A' and by the continuity of Λ, a 0 A % = #. Therefore α 0 is a prime element of L. Since A' is a decreasing net and it converges to α 0 it follows that α 0 6 M(φ).
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The congruence extension property on compact lattices* LEMMA 2.1. Let L be a compact topological lattice and let [a] ,
). This will be done by showing that if
, w} swcλ ίfeαί ft(α) < ft(<P°(δ)). If this were not the case then for each i e {1, 2,
, n we have (α, Λ?-i#(α))eΛ?=i [ft] . For the same reason (^°(6), A?=ift(^°(&))), (6, Atift(δ) ) e Λ,U#]. Then since (^°(6), 6) 6 H and ?
. Hence (α, 6) e H This is a contradiction so there must be an i e {1, 2, , n) with the property that ft(α) < ft(<P°(δ)).
Suppose
Thus we have disposed of the case in which φ([φ ι (x), φ\y)]) is not connected so we may assume throughout the rest of the proof
is connected a cannot be a local maximum of M(φ). Hence there is a net B of elements of M{φ) which converges to a such that if beB then a < δ ^ φ ι (y) Using (1) above and the fact that n is finite we may find an element ie{l, 2, •••, %} and a cofinal subnet B' of B such that if δe^' then ft(α) < ft(^°(δ)). Then if c e M{φ) and c > a there must be δ e JS' with the property that a < δ ^ c. Thus ft(α) < ft(^°(δ)) ^ ft(9°(c)). It is known (cf. [3] ) the lattice of congruences for any lattice is distributive. For compact topological lattices we have THEOREM 
Suppose that L is a compact distributive topological lattice of finite breadth. Then ^(L) is a distributive lattice.

Proof. It is an immediate consequence of Lemma 2.1 that for each [a] e J*?(L), [a] V ^(L) is a distributive lattice. We now claim that if [a] e £>f{L) then the map
[φ] -> [a] V [φ] is a homomorphism of ^(L) onto [a] V L.
L).
Homomorphisms cannot raise breadth so Br{φ{L)) = m ^ Br(L) ^ n = Br{θ{L)). From Theorem 3.1 of [2] we know that there is a set of m elements of Jίf{φ{L)) which separates points in φ(L) and a set of n elements of ^f{θ(L)) which separates points in Θ{L). 
Hence the map [Φ] -> [α] V [^] is a homomorphism. Next we shall show that the collection of homomorphisms [Φ] -> [α] V [^] where [α] e^f(L)
separates points in if (L). Let [φ] , [θ] 3* Properties of X* Let / be the usual topological lattice on the closed real interval [0, 1] . Let K be the standard representation of the Cantor set in / and let N = {1-1/w; neZ + }{J {1}. Then both K and N are closed sublattices of I. Let X be the usual topological lattice on XΓ=i{0,1}. Define W(X) to be the set of points of X having only finitely many nonzero coordinates.
Recall that the set of local minima of X is dense in X [6] . A sequence {x n ; neω} is nondecreasing if x n A x n +i = % n for all neω. LEMMA 
Let xe X and let w e W(X). Then the following statements hold:
(1) w A X is finite. (3) is a direct consequence of (1) and (2) . Thus it only remains to prove (2) . For x e X we define a sequence {w n ; neω} by having w n agree with x for the first n coordinates and thereafter having all coordinates zero. Then each w n e W(X) and {w n ; neω} obviously converges to x.
Following [5] we say that a continuous homomorphism φ from a compact semilattice S onto a semilattice T has full cross-section if there is a closed sub-semilattice A of S such that φ restricted to A is an isomorphism of A onto T. Proof. Let B be the set of local minima of C and let A = {x e X; x is the least element of φ~ι{b) for some beB}. A is a chain and from Lemma 3.1, A £ W(X). Then since £* = C we have <p(A*) = C. In view of Lemma 3.1, A* must be the continuous meet-homomorphic image of N and A* must define a full cross-section for φ. Proof. Suppose that φ is a continuous meet-homomorphism from X onto a semilattice S where dim S Ξ> 1. Since dim S 2> 1, S must possess a nondegenerate component S o . S o is a compact semilattice so it has a least element s 0 . Choose seS\{s 0 }. The Rees-quotient sS/s 0 S is a nondegenerate connected semilattice and it is the continuous meet-homomorphic image of X. As a consequence of Theorems 2.1, 3.1 and 4.3 of ]7], sSfs 0 S, and hence also X, must have a continuous meet-homomorphism onto /. Let rj be one such homomorphism. w Λ X is finite for all we W(X). Hence η{W{X)) = 0. This implies that 7){W{X)*) = 0. However, X= W(X)*. Thus we have arrived at a contradiction. Therefore our theorem is proved.
We now show that X does not have the congruence extension property. In fact, we can say more. Proof. From Theorem 2 of [8] K can be embedded in X. Thus we may consider K to be a sublattice of X. On K the relation defined by identifying the end points of complementary intervals is a member of C^{ K). Moreover ζ(K) is a compact, connected lattice. From Theorem 3.1 it follows that [ζ] cannot be extended to a closed meet-congruence on X.
We now provide several examples which are variants of the example used in Corollary 3.1. Example 2. In the previous example let 5= [j {x A J; xe X}. Then S is a compact, one-dimensional semilattice and J is the unique thread from the zero of S to the identity of S. Applying the reasoning used in Example 1 the congruence [ζ'] on J cannot be extended to S. S has the additional property that J cannot be the continuous
